We study possible noncommutative (operator algebra) variants of the classical Hoffman-Rossi theorem from the theory of function algebras. In particular we give a condition on the range of a contractive weak* continuous homomorphism defined on an operator algebra A, which is necessary and sufficient (in the setting we explain) for a positive weak* continuous extension to any von Neumann algebra containing A.
Introduction
The Hoffman-Rossi theorem that we are interested in here is a remarkable result from the theory of function algebras [7, Theorem 3.2] . It states that if A is a weak* closed unital subalgebra of M = L ∞ (µ), for a probability measure µ, and if ϕ is a weak* continuous character (i.e. nontrivial complex-valued homomorphism) on A, then ϕ has a weak* continuous positive linear extension to M . Since unital linear functionals on M (or on any C * -algebra) are states (that is, contractive and unital linear functionals) if and only if they are positive, this is saying that weak* continuous characters on A have weak* continuous Hahn-Banach extensions to L ∞ (µ). Or, in the language of von Neumann algebras (see e.g. p. 245, 248-249 in [1] ), weak* continuous characters on A have normal state extensions to L ∞ (µ). In the present paper we study possible noncommutative (operator algebra) variants of this result. An operator algebra is a unital algebra of operators on a Hilbert space, or more abstractly a Banach algebra isometrically isomorphic to such an algebra of Hilbert space operators. (Sometimes one wants to consider an operator space structure on an operator algebra, and replace the word 'isometrically' by 'completely isometrically' in the last sentence (see e.g. [4] for definitions), but this will not be important in the present paper.) Our main result is a condition on the range of a contractive (or completely contractive) weak* continuous homomorphism Φ defined on a unital operator algebra A, which is necessary and sufficient in the setting explained below, for a positive weak* continuous extension of Φ to any von Neumann algebra containing A as a weak* closed subalgebra.
A von Neumann algebra valued Hoffman-Rossi theorem
There are several natural ways to try to generalize the Hoffman-Rossi theorem to the operator algebra setting. First however we note that the setting of algebras and algebra homomorphisms is crucial. Even in the classical setting, one cannot hope that weak* continuous states on operator systems have weak* continuous Hahn-Banach extensions (that is, normal state extensions). A convincing illustration of this is the state ϕ 1 of evaluation at 1 on the set S of polynomials of degree ≤ 1 on [0, 1], viewed as a subspace of L ∞ ([0, 1]). This is weak* continuous (since S is finite dimensional). Any normal state extension to L ∞ ([0, 1]) of ϕ 1 is integration against a positive g ∈ L 1 ([0, 1]) with [0,1] g dt = 1. Applying this state to the monomial t gives [0,1] tg(t) dt = ϕ 1 (t) = 1. Hence [0,1] (1 − t) g(t) dt = 0, forcing the contradiction g = 0 a.e.. We will use this example later. With a little more work one can find a weak* continuous state on a unital weak* closed subalgebra of a von Neumann algebra M , which has no normal state extension to M (for example the algebra in the proof of Proposition 2.3 below).
In the noncommutative (operator algebra) setting we suppose that we have a weak* closed unital subalgebra A of a von Neumann algebra M , and a weak* continuous unital contractive homomorphism Φ : A → D, for a von Neumann algebra D. By the first (resp. second) 'unital' here we mean that 1 ∈ A, where 1 is the identity of M (resp. Φ(1) = 1). The question we are interested in is when does Φ have a weak* continuous contractive (or equivalently, positive) D-valued linear extension to M ? Sometimes we will add the adjective 'completely', for example consider UCP (unital completely positive) extensions-see e.g. [4, Chapter 1] for notation. To obtain such a Hoffman-Rossi theorem one has to have restrictions on the algebras or on Φ or its range of Φ, as we will see below. It is not true in general, for example, when D = B(H) for a Hilbert space H (unless A is also selfadjoint, in which case it may be proved using as one ingredient the well known extendibility of normal representations of von Neumann algebras).
In the case of the original Hoffman-Rossi theorem we may identify the range of the character with D = C1 A = C1 M , in which case the homomorphism we are extending is an idempotent map on A, and is a D-bimodule map. Thus we will usually restrict our attention to the setting of a weak* continuous unital contractive or completely contractive homomorphism Φ : A → D ⊂ A which is a D-bimodule map (or equivalently, is the identity map on D). We remark that by 4.2.9 in [4] , any unital completely contractive projection of a unital operator algebra onto a subalgebra D is a D-bimodule map. We then ask for a positive normal extension from M into D. Note that the latter implies that D is a von Neumann algebra, and Ψ is a conditional expectation onto D (see p. 132-133 in [1] for the main facts about conditional expectations and their relation to bimodule maps and projections maps of norm 1). However D being a von Neumann algebra is not enough for a weak* continuous positive extension from M into D, even if D is also injective and commutative. E.g. Takesaki [9] showed that there need not exist a positive weak*
The correct Hoffman-Rossi theorem in the setting in the last paragraph that works for all von Neumann algebras M , requires D to be finite dimensional, or more generally, a (purely) atomic von Neumann algebra (see p. 354 in [1] ). This is the next result, and the result after it shows the necessity of the atomic hypothesis.
Theorem 2.1. Suppose that A is a weak* closed unital subalgebra of a von Neumann algebra M . Suppose that D is C or is a weak* closed selfadjoint unital subalgebra of A which is finite dimensional, or more generally is an atomic von Neumann algebra. Suppose that Φ : A → D is a weak* continuous unital contractive homomorphism on A that is a D-bimodule map. Then there exists a normal positive map Ψ : M → D extending Φ (hence Ψ is also a conditional expectation).
Proof. First suppose that D = C. Let J be the kernel of Φ in A, then A = J + C1. Suppose that M acts on a Hilbert space K, so that A ⊂ B(K). Consider the amplification π(x) = x (∞) of the identity representation of M , acting on the countably infinite direct sum K (∞) of copies of K. Then π(J) is reflexive by e.g. [4, Appendix A.1.5], and by definition of reflexive there, since
it follows that π(·)η, η is a normal state on M annihilating J. Hence its restriction to A is a multiple of Φ, indeed equals Φ since both are states.
Next suppose that D is a type I factor, thus isomorphic to B(l 2 (I)) for an index set I. We may suppose that M = B(K), and that D is the range of a normal unital * -homomorphism π : B(l 2 (I)) → B(K). For i ∈ I let p i = π(E ii ), where {E ik } are the matrix units in B(l 2 (I)), and set L = p j K for a fixed j ∈ I. By a matrix unit argument we may suppose that (unitarily) K = L (I) = L ⊗ l 2 (I), the Hilbert space sum of I copies of L, that M = B(L)⊗B(l 2 (I)), and D = I L ⊗ B(l 2 (I)) and
, viewed as a matrix in B(l 2 (I)), is zero except perhaps for its i-k entry, for any b ∈ B. Let ϕ = π jj • Φ • ǫ j , where ǫ j (b) = b ⊗ E jj and π jj is the state on D that evaluates the j-j entry. Then ϕ is a character of B. Also, Φ = ϕ ⊗ I, indeed for b ∈ B and i, k ∈ I we have
By the first paragraph, ϕ extends to a normal state σ on B(L), so that Ψ = σ ⊗ I is a normal UCP map extension of Φ to M = B(L)⊗B(l 2 (I)).
Finally, suppose that D is atomic, so D ∼ = ⊕ i∈I B(H i ) for Hilbert spaces H i . Let p i be the central projection in D corresponding to the identity in B(H i ). We have that Φ(p i ap j ) = p i Φ(a)p j = 0 for i = j (since p i is central in D). Thus Φ = Φ• ∆ |M where ∆ is the UCP map on M defined by ∆(x) = i p i xp i . Let Φ i = Φ |piApi . By the last paragraph Φ i extends to a normal UCP map σ i : p i M p i → p i Dp i . We obtain a normal UCP map extension Ψ = (⊕ i σ i ) • ∆ of Φ to M . By Tomiyama's well known theorem (see p. 132-133 in [1] ) on projections of norm 1, Ψ is necessarily a D-bimodule map and conditional expectation.
Remarks. 1) An alternative proof of the case D = C of the last result, which is slightly longer, comes from following a method of Cassier to prove a similar result for characters on singly generated commutative dual operator algebras [5] . We sketch the details: We may suppose that M = B(H) for a Hilbert space H. There is a trace class operator r on H such that tr(xr) = Φ(x) for all x ∈ A. It is well known that r = ab * for Hilbert-Schmidt operators a, b on H. Let E (resp. F ) be the closure in the Hilbert-Schmidt norm of Aa (resp. Ja). It is easy to see that Proof. Let ϕ 1 be the weak* continuous state on S ⊂ L ∞ ([0, 1]) in the example in the first paragraph of this section. Let M = M 2 (L ∞ ([0, 1])), the W * -algebra of 2 × 2 matrices with entries in L ∞ ([0, 1]). Let A be the subalgebra of M 2 (L ∞ ([0, 1])) consisting of upper triangular matrices with scalars (constant functions) as the main diagonal entries and elements from S in the 1-2 entry. This is four dimensional. It is also weak* closed in M since any finite dimensional subspace is closed in any linear topology. This is related to [4, Lemma 2.7.7] . Define Φ : A → M 2 to be the map that applies ϕ 1 in the 1-2 entry, and leaves other entries 'unchanged'. That is Φ is 'evaluation' at 1. This is easily seen to be a weak* continuous unital homomorphism. Also, Φ is (completely) contractive by [4, Proposition 2.2.11]. Let D be the range of Φ, the upper triangular 2 × 2 matrices. We may also view D ⊂ A by identifying an upper triangular matrix with the same matrix in A, but with 1-2 entry multiplied by the monomial t. Then Φ viewed as a map A → D ⊂ A is an idempotent Dbimodule map. Suppose that R : M → M 2 was a weak* continuous contractive extension of Φ. Then R is positive (since it is well known that contractive unital maps on C * -algebras are positive). The restriction of R to matrices that are only nonzero in their 1-2 entry, followed by the projection onto the 1-2 entry, defines a weak* continuous contractive functional ψ on L ∞ ([0, 1]). Finally, it is clear that ψ extends ϕ 1 , contradicting the first paragraph of this section. This contradiction shows that our extension R cannot be positive or contractive.
One may adjust A in the proof above to be three dimensional by taking the main diagonal entries of matrices in A to be equal. We also remark that if one insists on bimodule map extensions then one may get counterexamples with M finite dimensional (see e.g. [8, Example 3.5] ).
We also remark that very strong forms of the noncommutative Hoffman-Rossi theorem hold for Arveson's maximal subdiagonal subalgebras of σ-finite von Neumann algebras [3] (or more generally for algebras having some of the Gleason-Whitney properties GW1, GW2, GW from the start of Section 4 in [2] , or their variants for states, and studied further in e.g. [3, Section 5] in the σ-finite case). In these setting it is not necessary to require the von Neumann algebra D to be a subalgebra of A or that Φ is a homomorphism or D-bimodule map. Since our paper is about homomorphisms we will just mention some results of the first author and Labuschagne along these lines from a forthcoming work. Suppose that Φ : A → D ⊂ B(H) is a unital weak* continuous contractive linear map. If A has the Gleason-Whitney type property that every weak* continuous state on A has a unique normal state extension to M , then Φ has a normal positive extension M → D. If A has the Gleason-Whitney type property that every state extension to M of a weak* continuous state on A is normal, and Φ is a unital weak* continuous complete contraction then Φ has a normal UCP extension M → B(H). The latter follows by applying the latter Gleason-Whitney type property to the composition of vector states on B(H) with a fixed UCP extension Ψ : M → B(H).
